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To reconcile the current tensions between high and low redshift observations, we perform the
first constraints on the Finslerian cosmological models including the effective dark matter and dark
energy components. We find that all the four Finslerian models could alleviate effectively the Hubble
constant (H0) tension and the amplitude of the root-mean-square density fluctuations (σ8) tension
between the Planck measurements and the local Universe observations at the 68% confidence level.
The addition of a massless sterile neutrino and a varying total mass of active neutrinos to the base
Finslerian two-parameter model, respectively, reduces theH0 tension from 3.4σ to 1.9σ and alleviates
the σ8 tension better than the other three Finslerian models. Computing the Bayesian evidence,
with respect to ΛCDM model, our analysis shows a weak preference for the base Finslerian model
and moderate preferences for its three one-parameter extensions. Based on the model-independent
Gaussian Processes, we propose a new linear relation which can describe the current redshift space
distortions data very well. Using the most stringent constraints we can provide, we have also
obtained the limits of typical model parameters for three one-parameter extensional models.
I. INTRODUCTION
In the past nearly two decades, a variety of cosmic
probes such as supernova Type Ia (SNIa) [1, 2], baryonic
acoustic oscillations (BAO) [3] and cosmic microwave
background (CMB) anisotropies [4, 5] have confirmed the
standard cosmological paradigm, namely the so-called in-
flationary Λ-cold-dark-matter (ΛCDM) model. Although
recent measurements of CMB anisotropies by the Planck
satellite [6] have verified, once again, the high efficiency
of the ΛCDM model in explaining the cosmological phe-
nomena, there are still two main tensions between high
and low redshift cosmic probes. On the one hand, the
Hubble expansion rate derived indirectly from the lat-
est Planck data [7] under the assumption of the ΛCDM
model is lower than the direct local measurement from
Riess et al. over the 3σ confidence level (C.L.) by using
improved SNIa calibration techniques [8] (hereafter H0
tension). On the other hand, the derived σ8 parameter,
the amplitude of the rms density fluctuations today in lin-
ear regime, from Planck data is, nonetheless, higher than
the same quantity measured by several low redshift sur-
veys including lensing, cluster counts and redshift space
distortions (RSD) [7, 9, 10] (hereafter σ8 tension).
Up to date, it is still unclear that these tensions are
originated from unknown systematic uncertainties in dif-
ferent methods used for measurements, or possibly small
deviations from the ΛCDM model at all, indicating new
physics needed ? In order to alleviate one or both of
the above discrepancies, several solutions have been pro-
posed, including dynamical dark energy [11–13], unified
dark fluid [14], dark radiation [15, 16], modified gravities
[17, 18], extended parameter space [19, 20], cosmic voids
[21], decaying dark matter [22–24], ultralight axions [25],
and so forth. Since the realistic nature of dark sector at
the present time is still unknown, it is interesting and
reasonable to give a possible explanation by exploring
the connection between gravitation and new geometry.
Modified Einstein’s gravity may throw new light on the
discrepancies.
Finsler geometry [26–28], which involves Riemann ge-
ometry as its special case, opens naturally a new prospect
to understand the current cosmological puzzles. This
new geometry keeps the elegant properties of Riemann
geometry, i.e., the isometric group is a Lie group on a
Finslerian manifold, while it admits less Killing vectors
than a Riemannian spacetime does. In general, there are
at most n(n − 1)/2 + 1 independent Killing vectors in
a n dimensional non-Riemannian Finslerian spacetime.
Considering the simplest possible asymmetrical general-
ization of Riemannian metric, G. Randers [29] proposed
the well-known Randers space, a subclass of Finslerian
space. In the framework of Randers space, a general-
ized Friedmann-Robertson-Walker (FRW) cosmological
model based on Randers-Finsler geometry has been dis-
cussed [30] and a modified dispersion relation of free par-
ticles has also been studied [31].
In history, the gravitational aspects of a Finslerian
space were investigated for a long time [32–35]. The
gravitational field equations (GFEs) derived from a Rie-
mannian osculating metric were exhibited in Ref. [36].
For such a metric, the FRW-like cosmological scenario
and the anisotropies of the Universe were also studied
[30, 37]. Nonetheless, their GFEs are derived without
considering the Bianchi identity and the general covari-
ance principle of Einstein’s gravity. It is interesting that,
in Refs. [38–40], the authors have overcome these difficul-
ties and derived the corresponding GFEs by construct-
ing a Randers-Finsler space of approximate Berwald type
(hereafter Berwald space), which is just an extension of
a Riemannian space.
In this Letter, we focus on exploring whether the cos-
mic evolutional model derived from the Berwald space
may reconcile the current H0 and σ8 tensions between
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2high and low redshift observations. Our main result is
that the Finslerian cosmological models considered in
this analysis could alleviate effectively H0 and σ8 ten-
sions.
Model.— For a Finsler-Berwald FRW Universe, the
square of the effective dimensionless Hubble parameter
E(z) [38] is expressed as
E2(z) =
9α+ β + 12
4(α+ 1)(β + 3)
Ωm(1 + z)
6(3α+β+6)
9α+β+12
+
9(1− ω)α+ (1 + 3ω)β + 12
4(α+ 1)(β + 3)
Ωde
× (1 + z) 6[3(1−ω)α+(1+3ω)β+6(1+ω)]9(1−ω)α+(1+3ω)β+12 ,
(1)
where z, ω, Ωm, Ωde, α and β denote the redshift,
equation of state (EoS) of dark energy, effective mat-
ter and dark energy density parameters today, and effec-
tive time-component and space-component parameters,
respectively. Here “ effective ” means that the physical
quantities are derived based on non-Riemannian Berwald
space. Note that this model reduces to ΛCDM when
ω = −1 and α = β = 0. Since we are of much interest
in studying the evolution of the late Universe, we ignore
the contribution from the radiation component. Due to
the fact that the spatial curvature of our Universe is very
close to zero [6], for simplicity, we also ignore the contri-
bution of the effective “ curvature ” and just consider a
flat Finsler-Berwald FRW Universe (see also Ref. [38]).
To investigate how the Finslerian universe recon-
cile the global with local measurements, we take five
cosmological models into account. The base ΛCDM
model with the usual set of cosmological parameters:
{Ωbh2,Ωch2, 100θMC , τ, ln(1010As), ns}, where Ωbh2 and
Ωch
2 are, respectively, the baryon and CDM densities
today, θMC is the ratio between sound horizon and an-
gular diameter distance at the decoupling epoch, τ is
the Thomson scattering optical depth due to reioniza-
tion, ln(1010As) and ns are the amplitude and spectral
index of primordial scalar perturbation power spectrum
at the pivot scale K0 = 0.05 Mpc
−1, respectively. Here
h ≡ H0/100 and H0 is the Hubble constant. The simplest
Finslerian cosmological model is a two-parameter exten-
sion of ΛCDM which corresponds to the case ω = −1 in
Eq. (1). Hereafter we call it FΛ model, which is the most
important model considered in this analysis. In order to
test overall the abilities of different Finslerian models to
relieve tensions and verify the stabilities of our results
with respect to (w.r.t.) assumptions on Finsler geome-
try, we also consider three one-parameter extensions to
the FΛ model: (i) The Finslerian ωCDM (Fω) model
with constant EoS of dark energy; (ii) The Finslerian ac-
tive neutrino (Fν) model which allows the summed mass
of three species of neutrinos Σmν to vary with a degener-
ate hierarchy; (iii) The Finslerian sterile neutrino (Fsν)
model allowing the effective number of relativistic species
Neff to vary but Σmν = 0.06 eV fixed.
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FIG. 1: The one-dimensional posterior probability distribu-
tions of H0 values derived from the FΛ (solid), Fω (dashed),
Fν (dash-dotted) and Fsν (dotted) models using PRO data
sets, respectively.
II. ANALYSIS
To perform constraints on the model parameters, we
have modified carefully the publicly Markov Chain Monte
Carlo code CosmoMC [41, 42] and Boltzmann code
CAMB [43]. Meanwhile, we choose flat priors to the
above model parameters and marginalize the foreground
nuisance parameters provided by Planck. We use the
temperature and polarization measurements from Planck
(P) [6], RSD (R) data from the latest “ Gold-2017 ” com-
pilation in Ref. [44] and “ other ” (O) data sets such as
SNIa data from the JLA compilation [45], BAO data [46–
49], cosmic chronometer data from Ref. [50], HST data
from Ref. [8], weak lensing data from CFHTLenS survey
[51] and CMB lensing data [52]. For simplicity, we denote
different data combinations as P, PR and PRO, respec-
tively. A comprehensive analysis about the impacts of
different data sets on the Finslerian scenarios are exhib-
ited in a follow-up study [53].
TABLE I: The constraints on the cosmological parameters of
the FΛ model at the 68% C.L. using different data combina-
tions: P, PR and PRO.
Parameter P PR PRO
Ωbh
2 0.02123+0.00014−0.00022 0.02149
+0.00014
−0.00016 0.02240± 0.00013
Ωch
2 0.1233+0.0019−0.0015 0.11985± 0.00065 0.11696± 0.00084
100θMC 1.04016
+0.00033
−0.00044 1.04065
+0.00031
−0.00039 1.04112± 0.00027
τ 0.0881+0.0045−0.0034 0.0857± 0.0052 0.0811+0.0120−0.0093
α 0.0007+0.0032−0.0023 0.00231
+0.00120
−0.00096 0.0067
+0.0073
−0.0090
β 0.0013+0.0020−0.0036 0.0032
+0.0028
−0.0039 0.0017± 0.0038
ln(1010As) 3.1096± 0.0064 3.1000± 0.0086 3.087+0.021−0.017
ns 0.9510
+0.0040
−0.0055 0.9600± 0.0031 0.9733+0.0040−0.0035
H0 65.04
+0.62
−0.95 66.60
+0.33
−0.36 68.53± 0.41
σ8 0.8480
+0.0062
−0.0055 0.8350± 0.0049 0.8236+0.0082−0.0055
The constraining results of the FΛ model using dif-
ferent data combinations are presented in Tab. I. Inter-
estingly, both parameters α and β are consistent with
zero at the 68% C.L. and both prefer slightly the pos-
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FIG. 2: From left to right, we show, respectively, the σ8−Ωm
contours at the 68% and 95% C.L. from P (red) and PR (blue)
data sets for the ΛCDM, FΛ, Fω, Fν and Fsν models in turn.
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FIG. 3: The RSD data [44] plotted against the theoretical
predictions from the best-fit ΛCDM (dash-dotted) and FΛ
(dashed) models using PRO data sets. The green (solid) line
represents the underlying true model producing these data.
The orange and green error bars are GP reconstructions with
68% and 95% C.L., respectively.
TABLE II: The minimum χ2 values, Bayesian evidence and
strength of evidence for different cosmologies using the com-
bined constraints PRO.
Model χ2min lnBij Strength of evidence
ΛCDM 13741.664 — —
FΛ 13735.052 1.363 weak
Fω 13731.528 2.721 moderate
Fν 13731.116 2.883 moderate
Fsν 13727.840 4.205 moderate
itive values. This means that a small deviation from
the ΛCDM model has been realized in the framework of
Finsler geometry, and the evolution of the late Finslerian
Universe remains dominated by dark energy. We also
find that the H0 value derived from PRO can alleviate
the H0 tension between Planck (H0 = 66.93 ± 0.62 [7])
and local measurements (H0 = 73.24 ± 1.74 [8]) more
effectively than those derived from P and PR. Further-
more, we show the posterior probability distributions of
H0 values derived from four Finslerian models in Fig.
1. Opening an extra parameter ω, Σmν or Neff , we
find, as expected, a mild relaxation on H0 bounds at the
68% C.L.. Particularly, in the Fsν model, this tension
has been reduced from 3.4σ to 1.9σ. Meanwhile, we find
that, using PRO, the constraint on the EoS of dark en-
ergy ω = −1.00017+0.00090−0.00069 in the Fω model is not only
well consistent with ω = −1.006 ± 0.045 in the ωCDM
model from Planck data, but also is more stringent than
Planck’s prediction by one order of magnitude. (We also
investigate later the effects of two one-parameter Finsle-
rian models on H0.)
We also notice that, to some extent, the distinct Finsle-
rian scenarios can alleviate the current σ8 tension. From
Fig. 2, one can find that, for four Finslerian models, the
parameter pair (σ8,Ωm) constrained by P are all com-
patible with that constrained by PR at the 68% C.L.. In
particular, the Fν model can alleviate the tension better
than other three Fisnlerian models. Attractively, three
two-parameter extensions of FΛ model perform a little
better than itself in terms of σ8 tension. In Tab. I, one
can also find that the joint constraint from PRO for the
FΛ model supports a lower σ8 value than other two data
combinations P and PR.
RSD are very important probes of large scale structure
(LSS) providing bias-free data of fσ8(z). In light of sig-
nificantly overlapped data today, we use the relatively
robust and independent fσ8(z) data compiled in Ref.
[44] from different surveys to compare our constrained
FΛ model with ΛCDM. In Fig. 3, we find that, interest-
ingly, the evolutional behavior of the FΛ model describes
better the low-z data and the unique high-z data located
at z = 1.40 than ΛCDM, i.e., having lower values when
z < 1.01 and higher values z > 1.01 (here z = 1.01 is the
cross point where two best-fit models have the same pre-
diction). Since it seems that neither of these two models
give an accurate depiction to current RSD data, to study
the underlying mechanism phenomenologically generat-
ing RSD data, we employ the model-independent Gaus-
sian Processes (GP) method to reconstruct fσ8 versus z.
Specifically, we use the publicly package GaPP (Gaus-
sian processes in python) to implement reconstructions
(see Refs. [54, 55] for details on GP). We find that the
best-fit FΛ model is consistent with the underlying true
model form GP reconstructions at the 2σ C.L. and that
the best-fit ΛCDM model lies out of the 2σ confidence
region when 0.11 . z . 0.57 (see Fig. 3). This means
that the FΛ model may be a little better than ΛCDM in
terms of only RSD data. More interestingly, we find a
linear relation (hereafter LR), fσ8(z) = 0.042z + 0.406,
that can describe current RSD data very well.
In order to explore the observational viability of dif-
ferent models, choosing ΛCDM as the reference model,
we compute the corresponding Bayesian evidence of four
Finslerian models, εi, and Bayes factor, Bij = εi/εj ,
where εj denotes the evidence of the reference model.
Following Ref. [56], we adopt a revised and more con-
servative version of the so-called Jeffreys’ scale, i.e.,
lnBij = 0 − 1, lnBij = 1 − 2.5, lnBij = 2.5 − 5 and
lnBij > 5 indicate an inconclusive, weak, moderate and
strong preference of the model i relative to the reference
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FIG. 4: The two-dimensional posterior distribution contours
in the Σmν−H0 plane for the Fν model and in the Neff−H0
plane for the Fsν model, respectively.
model j. Note that for an experiment which leads to
lnBij < 0, it means the reference model is preferred by
data.
Tab. II shows the minimum χ2 values, logarith-
mic Bayes factors and strength of evidence, respectively,
for various Finslerian theoretical models by using PRO.
Clearly, we have obtained a better fit to current data
w.r.t. ΛCDM. Meanwhile, it is interesting that, w.r.t.
ΛCDM, the analysis shows a weak preference for the
FΛ model and moderate preferences for its three one-
parameter extensions Fω, Fν and Fsν. We also note
that, although four Finslerian scenarios give a better de-
scription for PRO data sets than ΛCDM, such a result is
obtained at the cost of increasing significantly the value
of reionization optical depth τ . For example, the value
τ = 0.0811+0.0120−0.0093 in the FΛ model is 2.02σ higher than
the previous estimation τ = 0.055 ± 0.009 derived with
Planck HFI data [7].
It is also attractive to investigate the fitting perfor-
mances of two one-parameter extensions to ΛCDM by
setting either the effective space-component parameter
β = 0 (hereafter Fα model) or time-component param-
eter α = 0 (Fβ). Utilizing the PRO data sets, we find
that the analysis also shows a weak preference for the Fα
(lnBij = 1.126) or Fβ (lnBij = 1.312) model, and that
the H0 tension can be reduced from 3.4σ to 2.7σ (Fα)
and 2.66σ (Fβ), respectively.
Recently, based on the high-precision Planck data, in
order to explore the radiation components of the early
Universe, researchers have tried to place tighter con-
straints than before on Σmν and Neff [15, 16, 57], which
modifies the damping tail of the CMB temperature angu-
lar power spectrum. We are also interested in addressing
these issues in the framework of Finsler geometry. Us-
ing the most stringent constraints from PRO, we obtain
Σmν < 0.186 eV in the Fν model and Neff < 3.40 in
the Fsν model at the 95% C.L., respectively (see Fig.
4). Furthermore, to exhibit how Σmν and Neff af-
fects the constraints on H0, we plot the two-dimensional
posterior distribution contours in the Σmν − H0 plane
for the Fν model and in the Neff − H0 plane for the
Fsν one. We find that H0 is anti-correlated and posi-
tively correlated with Σmν and Neff , respectively. Note
that our constraint on the total mass of active neutrinos
Σmν < 0.186 eV is larger than the bound 0.1 eV with a
degenerate hierarchy measured by Planck data [6]. This
means that the Fν model is still a competitive candi-
date of dark energy. Meanwhile, as Planck measurements
[6], the Fsν model excludes a fully thermalized neutrino
(∆Neff = Neff − 3.046 ≈ 1) over 3σ C.L. using PRO.
III. DISCUSSIONS
Our explorations on using the Finsler geometry to rec-
oncile tensions among various cosmic probes are just in
the beginning stage. It is noteworthy that, in this analy-
sis, we do not utilize the Finslerian models to address the
internal inconsistencies (e.g., the so-called τ and Alens
tension [7], where Alens denotes the amplitude of lensing
power relative to the physical value) existing in Planck
data [6, 7]. Based on the current RSD data, the new
phenomenological LR could give some clear hints of the
underlying model, which dominates the evolution of the
late Universe. If one expects to alleviate easily the σ8 ten-
sion by constructing a reasonable cosmological model, a
model which can provide the evolution of fσ8(z) against
z being very close to the new LR may be a good candi-
date. The questions are whether one can find this kind
of underlying models. If yes, what physical and mathe-
matical conditions need they satisfy ? Furthermore, we
expect that future high-quality RSD data can provide a
good test of our new LR. In addition, recently, it has
been suggested that, to a large extent, the properties of
dark energy could influence the cosmological weighing
and mass ordering of neutrinos. We also make attempts
to investigate the neutrino sector using the Finslerian
scenarios. It is worth noting that the massive sterile neu-
trinos either thermally or Dodelson-Widrow distributed
[58] in light of Finsler geometry are also needed to be
explored. Moreover, we have only considered the linear
growth of LSS and not investigated the nonlinear evo-
lution of the effective Finslerian dark matter and dark
energy. The remaining issues are addressed in a forth-
coming work [53].
IV. CONCLUSIONS
We have primarily tested the abilities of Finslerian
cosmological models in alleviating the current H0 and
σ8 tensions between high and low redshift observations.
Using the data combination PRO, we find that all the
four Finslerian models could alleviate effectively the H0
tension at the 68% C.L., and that, especially, this ten-
sion has been reduced from 3.4σ to 1.9σ in the Fsν
model. Similarly, the σ8 tension can also be effectively
alleviated by these four models at the 68% C.L.. Par-
ticularly, the Fν model can alleviate the tension better
than other three models. Interestingly, we also find that
the parameters α and β of both FΛ model are in good
agreement with zero at the 68% C.L. and both prefer
slightly the positive values. Computing the Bayesian ev-
5idence, we find that the Finslerian models give a bet-
ter fit to current data. Specifically, w.r.t. ΛCDM, our
analysis shows a weak preference for the FΛ model and
moderate preferences for its three one-parameter exten-
sions Fω, Fν and Fsν. Moreover, w.r.t. ΛCDM, cur-
rent data also exhibits a weak weak preference for two
one-parameter extensions to the FΛ model, Fα and Fβ
models, which could also alleviate the H0 tension at the
68% C.L.. In terms of current RSD data, based on the
GP reconstructions, we also propose a new LR, which
characterizes the RSD data very well. Attractively, us-
ing PRO data sets, the constraint on the EoS of dark
energy ω = −1.00017+0.00090−0.00069 in the Fω model is not
only well compatible with ω = −1.006 ± 0.045 in the
ωCDM model from Planck data, but also is more strin-
gent than Planck’s prediction by one order of magnitude.
We also give 95% limits of the total mass of active neutri-
nos Σmν < 0.186 eV with a degenerate hierarchy in the
Fν model and the effective number of relativistic species
Neff < 3.40 in the Fsν model, respectively.
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